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 C. Chevalley, in The Algebraic Theory of Spinors 1 , defined by means of
a Clifford algebra a certain 24-dimensional commutative algebra  which
Ž .he used to prove the principle of triality and to define the Cayley algebra
 of octonions. Reversing the construction, he used  and its involution
x x t x 1 x 1Ž . Ž .
Ž .to obtain  as the algebra of triples a, b, c of octonions with multiplica-
tion
a, b , c  x , y , z  bz yc, cx z a, ay xb 2Ž . Ž . Ž .ž /
 Ž .  1, p. 125, 3 . Chevalley’s algebra resonates in more recent research 2, 3 .
 is related to the 27-dimensional exceptional simple Jordan algebra
Ž . Ž .   Ž .  Albert algebra 5, p. 102 as follows:   consists of those3 3
3 3 matrices
 c b1
c  aX 2 0b a  3
with elements in  which are self-adjoint with respect to conjugate
transposition, and multiplication is given by
X  Y XY YX
1Ž Ž .here the usual is deleted in order to give 2 , but the Jordan algebras2
1 .are isomorphic under X X . Consider the 24-dimensional subspace of2
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Ž .  consisting of matrices3
0 c b
c 0 aX  3Ž .0  0b a 0
Ž .and define the product of X in 3 and0
0 z y
Y  z 0 x0  0y x 0
to be the truncated product
0 ya bx cx za
ay xb 0 cy zbX  Y  . 4Ž . Ž .0 0 0  0xc az bz yc 0
Ž .Then the resulting 24-dimensional algebra is clearly isomorphic by 2 and
Ž . Ž .4 to Chevalley’s algebra  under the mapping X  a, b, c .0
The algebra  of octonions is an example of a quadratic algebra  with
1 over a field F, where
x 2  t x x n x 1 0 for all x in  5Ž . Ž . Ž .
Ž . Ž . Ž . Žwith t x and n x in F, and 1 is an involution of  equivalently,
Ž . Ž .  . Žt xy  t yx 4, p. 203 . By abuse of language we may include  F1 as
Ž . Ž . 2a quadratic algebra with t 1  2 , n 1   and the identity map as
.involution.
Assume throughout this paper that F is a field of characteristic  2, 3. We
Ž .generalize Chevalley’s algebra by taking any possibly infinite-dimensional
Ž .quadratic algebra  with 1 over F having 1 as an involution, and letting
Ž . Ž . be the set of all triples a, b, c of elements in  with multiplication 2 .
Ž .Equivalently,  is the set of matrices 3 with elements in  , together
Ž .with the truncated product 4 . We shall call any such commutative algebra
 an algebra of type C. In this paper we shall characterize algebras of type
C by internal properties of the algebras.
One such property is that the mapping T , defined by
a, b , c  c, a, b  a, b , c T , 6Ž . Ž . Ž . Ž .
is an automorphism of  of period 3. Also it is easy to see that, although
an algebra  of type C does not have a multiplicative identity, the
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element
1e 1, 1, 1Ž .2
 is a principal idempotent in  5, p. 39 . We determine the Peirce
decomposition of  relative to e as follows. Let R be the right multipli-e
Ž . Ž .cation a, b, c  a, b, c  e of  determined by e. Then a straightfor-
ward computation yields
4R4  5R2  I 0,e e
or
R  I R  I 2 R  I 2 R  I  0.Ž . Ž . Ž . Ž .e e e e
Hence  is the direct sum
    7Ž .1 1 12 12
Ž . Ž . Ž .4 Ž .of subspaces   a, b, c in   a, b, c  e i a, b, c , and 7 is thei
Peirce decomposition of the algebra  of type C.
Ž .It is easy to see using characteristic  3 that
  Fe ; 8Ž .1
  a a, a, a  a in  , t a  0 ; 9 4Ž . Ž . Ž .˜1
  a, b , c  a b c 0, t a  t b  0 ; 10 4Ž . Ž . Ž . Ž .12
and
  1, 1, 1   ,  ,  in F ;    0 . 11 4Ž . Ž .12
Ž  4 .Note that   0 if and only if  F1.1
Ž . Ž . Ž .The commutative products of the Peirce spaces 8  11 are included
in the spaces which are indicated as
   1 1 12 12
    1 1 1 12 12
     12Ž .1 1 12 12 12
     12 1 1 1 l2 1 12
  12 1 12
1 1Ž .Since   Fe, it follows from the definition of  i 1,1, ,1 i 2 2
Ž .that the first row of inclusions in 12 actually consists of equalities. Now
2 2  Ž . Ž . Ž . Ž . 4 	  Fe since    a, a, a  b, b, b  t a  t b  0 where1 1 1
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Ž . Ž . Ž . Ž .a, a, a  b, b, b  c c, c, c , c ab ba ab ab t ab 1. Also˜
 Ž . Ž . Ž . Ž . Ž . 4    a, a, a  b, c,b  c  t a  t b  t c  0 where1 12
Ž . Ž . Ž . Ž Ž . .a, a, a  b, c,b c  r, s,r s  1, 	 1,  	 1 with r
1 1 1 1        Ž . Ž .c, a  a, b , s a, b  c, a ,  t ab , 	 t ac . Hence2 2 2 2
 Ž . Ž  	    . Next,     a, a, a  1, 1,1 12 12 12 1 12
Ž . . Ž . 4 Ž . Ž Ž . . Ž   1  t a  0 where a, a, a  1, 1,   1  a, a,
. Ž Ž . Ž .a a is in  . Actually,    since t a  t b 12 1 12 12
Ž . Ž . Ž . .0 implies a, b,a b  a, 0,a  0, b,b is in   . Also1 12
2  Ž . Ž . Ž . Ž . Ž . Ž . 4   a, b,a b  x, y,x y  t a  t b  t x  t y  012
Ž . Ž . Ž . Žwhere a, b,a  b  x, y,x  y  z  1, 	 1, 
1 with z  z,˜ ˜
. Ž . Ž . Ž . Ž .z, z , zbx ya, t by , 	t ax , 
 t bx  t ay . Then z˜
Ž . 2is in   and 1, 	 1, 
1 is in   , implying  	 1 1 1 12 12 1
 Ž . Ž Ž   . Next,     a, b,a b  1, 1, 1 12 12 12
. . Ž . Ž . 4 Ž . Ž Ž . . 1  t a  t b  0 where a, b,a b  1, 1,   1  c˜
1 1 2Ž . Ž . Ž . Ž . y, z,y z with c 2  a  2 b, y   a3 3 3
2 2 2Ž . Ž . Ž .  2 b, z 2  a   b, so that   	12 123 3 3
2  Ž Ž . . Ž Ž  . Finally,    1, 1,   1  1, 1, 1 12 12
. . 4 Ž . 4 1   ,  ,  ,  in F 	 1, 	 1, 
1  , 	 , 
 in F   . This1 12
Ž .establishes 12 .
Ž .Now 12 implies that
   Fe 13Ž .1 1 1
and
   Fe 14Ž .1 12 12
are subalgebras of . The elements of  are
a a, a, a for a in  , 15Ž . Ž .˜
Ž .implying that dim  dim  possibly infinite . The elements of 
Ž .are 1, 1, 1 for  ,  ,  in F, implying dim  3. Note that in
 4the extreme case where  F1, then    0 and  1 12 1
 .12
Since  is commutative, products in  are completely determined by
˜ ˜ 2 2 ˜2Ž Ž . . Ž Ž ..squares 2 ab a b  a  b . For a in  as in 15 we have˜ ˜ ˜ ˜
2 2 2 2˜Ž . Ž Ž . Ž .. Ž .a  2 a where a  t a  n a 1 t a a, so that˜
22a 2 t a a 4 t a  n a e. 16Ž . Ž . Ž . Ž .˜ ˜ Ž .
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Also
˜a e a for all a in  , 17Ž .˜
1 ˜Ž . Ž . Ž .since a e a, a, a  1, 1, 1  a, a, a  a. We note that all elements˜ 2
Ž . Ž .a a, a, a in  are fixed under the automorphism T of  in 6 . In˜
1 Ž .particular, the element e 1, 1, 1 is fixed under T. Hence the Peirce2
Ž .spaces  in 7 are stable under T.i
Next we consider the 3-dimensional subalgebra  Fe in12
Ž .14 . T induces an automorphism of  of period 3, which we also denote
Ž .by T. There are exactly four distinct idempotents in . If 1, 1, 1 in
 is idempotent, then 2  , 2  , 2  , implying
4 2   , 8 2 2 2   . 18Ž .
1Ž . Ž .Since  0 otherwise   0 , 18 implies  . Applying T , we2
1 1 Ž . Žhave  ,  . But then 18 implies that an even number two2 2
1.or zero of  ,  ,  is  , and the possible idempotents in  are2
1 1 1e, f 1,1,1 , g 1, 1,1 , h 1,1, 1 .Ž . Ž . Ž .2 2 2
19Ž .
Ž .Actually, all four of the elements in 19 are idempotent. Note that
e f g h 0 20Ž .
and
eT e, fT g , gT h , hT f . 21Ž .
 4Also, f , g, h is a basis for the 3-dimensional algebra . Finally,
1 1f g f g ,2 2
1 1 1 1Ž . Ž . Ž .since f g 1,1,1  1, 1,1  0, 0, 1  f g, imply-4 2 2 2
ing that f and g span a subalgebra of .
THEOREM 1. There is a unique 3-dimensional commutatie algebra 
oer any field F of characteristic  2, 3 satisfying the following conditions:
Ž .a  has an automorphism T of period 3;
Ž .b there are exactly four idempotents e, f , g, h in  , and these idem-
Žpotents span  since these idempotents are permuted by T , the notation may
Ž . .be chosen so that 21 holds ;
Ž . Ž . Ž  4c Equation 20 holds so f , g, h is a basis for the 3-dimensional
.algebra  ;
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Ž .d  has Peirce decomposition   relatie to e,1 12
 4where   m in  me im and   Fe;i 1
Ž .e some pair of the idempotents f , g, h spans a subalgebra of 
Ž .implying, since T is an automorphism, that any pair does .
Proof. We have seen above that such an  exists. To see uniqueness,
 4 Ž .it is sufficient to prove that the basis f , g, h given by c determines a
Ž .unique multiplication table. Now eT e by 21 implies that  is12
stable under T. Hence, writing
f  e f  ;  in F , f  in  22Ž .12
Ž .by d , we have
g fT  e g , h gT  e h ; g , h in  23Ž .12
Ž . Ž . Ž   .by 21 . Then c implies e f g h 3 e f  g  h , so that
1 1 1  1 1Ž . Ž . Ž . Ž . in 22 and 23 . Then ef e f  ef  gh3 3 2 2 2
Ž .by 20 . Applying the automorphism T , we have
1 1 1 1 1 1ef g h , eg h f , eh f g 24Ž .2 2 2 2 2 2
Ž . Ž .by 21 . Now e implies that f , g span a subalgebra of  , so that
fg  f 	 g for some , 	 in F. Applying T , we have
fg  f 	 g , gh  g 	 h , hf h 	 f . 25Ž .
Ž . Ž . Ž .Ž . ŽThen 25 and 20 imply fg gh hf  	 f g h  
. 2 Ž .2 Ž .	 e, so that e e  f g h  f g h 2 fg gh hf e
Ž . 2  	 e, implying
	 1  26Ž . Ž .
Ž . Ž . Ž . Ž .2in 25 . Thus f g e h in 20 implies f 2 fg g f g 
Ž .2 Ž . Ž . Ž .e h  e 2 eh h e f g h 0 by 24 . Then 25 and 26
1Ž .Ž . Ž .imply 0 f 2 fg g 1 2 f g , so that  in 25 and2
Ž .26 ; that is,
1 1 1 1 1 1fg f g , gh g h , hf h f . 27Ž .2 2 2 2 2 2
Together with f 2  f , g 2  g, h2  h, this completes the multiplication
 4table for  with respect to the basis f , g, h .
A simpler multiplication table for this  is given by taking the basis
 4i, j, k where
i e f , j e g , k e h.
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2 Ž . Ž . 2 2Then i  0 by 24 and 20 ; applying T , we have j  k  0. Also ij k
Ž . Ž .by 24 and 27 . Applying T , we obtain the multiplication table
i2  j2  k 2  0, ij k , jk i , ki j.
We now return to algebras  of type C obtained from any quadratic
Ž .algebra  with 1 and involution 1 by taking  to be the algebra of all
Ž . Ž .triples a, b, c of elements of  with multiplication 2 . We have seen
Ž . Ž .that the Peirce decomposition 7 of  yields two subalgebras  in 13
Ž .and  in Theorem 1. We have also seen that all elements a a, a, a ˜
 Ž . e a in  are fixed under the automorphism T of  in 6 , and that˜
multiplication in the commutative algebra  is determined by the squares
2 Ž .a in 16 .˜
Now
 , 28Ž .
Ž . Ž .since          1 1 1 12 1 1 12 12
Ž . Ž . Ž . by 7 and 12 and the remarks about equalities in the proof of 12 .
Ž .We may sharpen 28 to
 f gh 29Ž .
1Ž . Ž . Ž .for f , g, h in 19 .  f is the set of all a f a, a, a  1,1,1 ˜ 2
Ž . Ž . Ž . a, 0, 0 for a in  by 19 and 2 . Applying T , we have
˜a f a, 0, 0 , b g 0, b , 0 , ch 0, 0, c , 30Ž . Ž . Ž . Ž .˜ ˜
Ž . Ž .from which 29 follows. That is, 29 says that every element of  may be
written uniquely in the form
˜a f b g ch a, b , c in  .Ž .˜ ˜
2 ˜Ž . Ž . Ž . Ž .Also 30 implies that  f is the set of all sums of a f  b f ˜
Ž . Ž . Ž . Ž .a, 0, 0  b, 0, 0  0 by 30 and 2 . Applying T , we have
2 2 2  4 f   g  h  0 .Ž . Ž . Ž .
˜Ž . Ž . Ž . Ž . Ž . Ž .Similarly, 30 implies that a f  b g  a, 0, 0  0, b, 0  0, 0, ab˜
˜Ž . ab h, or
˜ ˜a f  b g  ab  e h 31Ž . Ž . Ž .˜ Ž . Ž .
Ž . Ž . Ž .by 17 . Hence  f   g 	h and, applying T , we have
 f   g 	h ,  g  h 	 f ,Ž . Ž . Ž . Ž .
h   f 	 g .Ž . Ž .
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We note that
1 2a f  a g  a h for all a in  .Ž . Ž .˜ ˜ ˜2
Ž . Ž . Ž .Equations 31 , 5 , and 17 imply that
2 ˜ ˜a f  a g  a  e h t a a n a 1  e hŽ . Ž . Ž . Ž . Ž .˜ ˜ ˜Ž . Ž .Ž .
˜ t a a 2n a e hŽ . Ž .Ž .
21 1 2 2 t a a 4 t a  n a e h a hŽ . Ž . Ž .˜ ˜Ž .ž /2 2
Ž .by 16 . Also
a f  e g  e f  a g for all a in  .Ž . Ž . Ž . Ž .˜ ˜
1 1˜Ž . Ž . Ž . Ž . Ž . Ž .Equation 31 implies that a f  e g  a f  1 g  a e˜ ˜ ˜2 2
1 Ž˜ . Ž . Ž . Ž .h 1 f  a g  e f  a g . Finally, we note that, for all a, b˜ ˜2
in  ,
˜ ˜a f  b g  b f  a g is in  h , 32Ž . Ž . Ž .˜ ˜Ž . Ž . 1
Ž . Ž . Ž . Ž .since t a, b  0, while 31 and 9 imply that the element in 32 equals
˜ ˜Ž  .   a, b  e h a, b h in  h.1
THEOREM 2. Let  be a commutatie algebra oer a field F of character-
istic  2, 3. Then  is of type C if and only if  satisfies the following
conditions:
Ž .A  has an automorphism T of period 3;
Ž .B  contains an idempotent e with respect to which  has Peirce
Ž . 2 Ždecomposition 7 where   Fe and  	 implying that  1 1 1 1
Ž . .  Fe in 13 is a subalgebra of  ;1 1
Ž .  Ž  .C eery element a  e a of   in F, a in  is fixed un-1
Ž Ž .der T implying that eT e, so that the Peirce spaces  in 7 are stablei
.under T ;
Ž .D   is the 3-dimensional commutatie algebra  charac-1 12
Ž . Ž .terized in Theorem 1, where T in A induces by C an automorphism of 
which we denote also by T ;
Ž . Ž .2 Ž .Ž .E  f gh where  f  0 and  f  g
Ž	h implying that eery element of  may be written uniquely in the form
Ž . Ž .af bg ch for a, b, c in  and, applying T in A and C , we hae
2 2 2  4 f   g  h  0Ž . Ž . Ž .
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and
 f  g 	h ,  g h 	 f , h  f 	 gŽ . Ž . Ž . Ž . Ž . Ž .
Ž ..by 21 ;
Ž .F for eery element a in  , we hae
1 2af ag  a h 33Ž . Ž . Ž .2
and
af eg  ef ag ; 34Ž . Ž . Ž . Ž . Ž .
Ž .G for all elements a, b in  , we hae
af bg  bf ag in  h. 35Ž . Ž . Ž . Ž . Ž .1
Proof. We have seen the ‘‘only if’’ part of this theorem. For the ‘‘if’’
part, let V and V be the vector spaces underlying  and  , so that1 1
V Fe V . Then a in V has the form1
a  e a ,  in F , a in V , 36Ž .1
Ž .  and B implies that the map a  e a  ae  e a is bijective on
Ž .V. For any pair a, b in V, E implies there is a unique c in V satisfying
Ž .Ž .af bg  ch. Let this c be denoted by ab, and let ab be the unique
Ž .element of V satisfying ab ab e. Then
af bg  ab e h for all a, b in V . 37Ž . Ž . Ž . Ž .Ž .
Ž .Hence ab in 37 is a bilinear product on V defining a nonassociative
Ž .algebra  V, over F.
Ž . Ž .Ž . Ž .Ž . Ž .Linearize 33 to obtain af bg  bf ag  ab h for all a, b in
. Putting b e, this yields
af eg  ef ag  ae h for all a in  . 38Ž . Ž . Ž . Ž . Ž . Ž .
Ž . Ž .Then 34 and 38 imply
1af eg  ef ag  ae h for all a in  . 39Ž . Ž . Ž . Ž . Ž . Ž .2
Ž . Ž .Let u 2 e. Then 37 and 39 imply
au ua a for all a in V ,
Ž . Ž .so that u is a  the unique multiplicative identity for  V, . Now
Ž . B implies that, for all a in V ,1
2 a  q a eŽ . Ž .
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Ž . for some quadratic form q on V . Then 36 implies ae  e a  2 e1
2 2  Ž .2 Ž 2 Ž ..  a, so that a   e 2a e a    q a e 2a  2ae
 12 2 2Ž Ž .. Ž . Ž .Ž . Ž Ž   q a e . Hence 33 implies af ag  2ae  2
 1  12 2 2Ž .. . ŽŽ Ž Ž .. . . Žq a e h a   q a u e h, implying aa a 4 4
Ž .. Ž . q a u by 37 ; that is,
aa t a a n a u 0, 40Ž . Ž . Ž .
where
1 2t a   , n a    q a , 41Ž . Ž . Ž . Ž .Ž .4
Ž . Ž . Ž .so that  V, is a quadratic algebra over F by 40 and 5 .
Ž .If a is in  V, , let
a t a u a 42Ž . Ž .
Ž . Ž . Ž . Ž .for t a in 40 and 41 . We have seen that, treating e and a in 36 as
elements of  , we have
ae a for all a in V . 43Ž .
Ž . ŽWe claim that a a is an involution of  V, . For completeness
Ž .we indicate a proof of the remark made earlier that 1 is an involution if
Ž . Ž . Ž . Ž 2 . Ž .2 Ž .and only if t xy  t yx . Equation 5 implies that t x  t x  2n x
Ž . Ž . Ž . Ž . Ž . 0, which by linearization yields t xy  t yx  2 t x t y  2n x y
Ž . Ž . Ž .2 2 2 Ž 2n x  2n y  0; together with xy yx x y  x  y  t x
.Ž . Ž . Ž . Ž . Ž . Ž . y x y  n x y 1 t x x n x 1 t y y n y 1, this implies
1 Ž Ž . Ž .. .that xy yx t xy  t yx 1, as desired. Thus we need only to prove2
that
t ab  t ba for a, b in  V , . 44Ž . Ž . Ž . Ž .
Ž . Ž . ŽŽ . Ž . .Now 35 and 37 imply that ab e ba e h is in  h, so that1
Ž . Ž . ŽŽ . .ab e ba e is in  . Hence ab ba ab ba e e is1
Ž . Ž . Ž .in  , implying 44 by 36 and 41 .1
It remains to show that  is isomorphic to the algebra of type C which
Ž . Ž .is obtained from the quadratic algebra  V, with involution 42 .
Ž .Map the triples a, b, c in this algebra of type C into  by
a, b , c  ae f be g ce h 45Ž . Ž . Ž . Ž . Ž .
Ž . Ž . Ž . Ž .for all a, b, c in  V, . The mapping 45 is bijective by E , 42 , and
Ž . Ž . Ž . Ž .43 . Applying T in A and C to 37 , we have
ag bh  ab e f , ah bf  ab e g 46Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .
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Ž . Ž . Ž . Ž . Ž .for all a, b in  by D . It follows from E , 43 , 37 , and 46 that
 ae f be g ce h  xe f ye g ze hŽ . Ž . Ž . Ž . Ž . Ž .Ž . Ž .
 bg zh  ch yg  ch xf  af zhŽ . Ž . Ž . Ž . Ž . Ž . Ž .Ž .
 af yg  bg xfŽ . Ž . Ž .Ž .
 b z yc e f c x za e gŽ .Ž .ž /ž /
 a y xb e h ,Ž .Ž .
Ž . Ž . Ž . Žwhich is the image under 45 of the product a, b, c  x, y, z  b z
. Ž .yc, c x za, a y xb given by 2 .
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